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We study monotonicity and 1-dimensional symmetry for positive solutions with algebraic growth of 
the following elliptic system: 

' for every dimension N > 2. In particular, we prove a Gibbons-type conjecture proposed by H. 
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1 Introduction 



This paper concerns monotonicity and 1-dimensional symmetry for entire solutions with algebraic growth 
5^ , of the following semilinear elliptic system: 



-Ait = -uv 2 in R N 

~Av = ~u 2 v in R N (1) 
u,v>0 inR N , 

where N > 2. System (1) has been intensively studied during the last years, starting from the seminal 
papers [2] and [10]. Therein, (1) appears in the analysis of phase-separation phenomena for Bose-Einstcin 
condensates with multiple states (we refer to [2, 3] and to the references therein for more details concerning 
the physical motivations). In particular, in [2] is emphasized the relationship between system (1) and the 
celebrated Allen-Cahn equation. This relationship induced the authors to formulate a De Giorgi's-type 
and a Gibbons'-type conjecture for the solutions of (1) (we refer to [8] for a review on the De Giorgi's 
conjecture and some related problems). In this paper we address precisely the following Gibbons'-type 
conjecture: 
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Conjecture (section 7 of [2]). Let N > 2, let (u,v) be a solution of (1) satisfying 

lim u(x' , xn) = and lim u(x , xn) = +oo 
lim ccjy) = +oo and lim f(a;', Xn) — 0, 

ifte limits being uniform in x' € R* -1 . TTien (u, w) is 1- dimensional. 

Clearly, with respect to the original counterparts, major difficulties arise from the fact that in the present 
case we have to deal with a system of equations instead of with a single equation, and with unbounded 
solutions. 

In what follows, we review the main achievements concerning the existence and the 1-dimensional sym- 
metry of entire solutions to (1). In [10], it is showed that there is not a positive solution which is globally 
a-H61der continuous for some a € (0, 1). On the other hand, in [2] the authors proved the existence of 
a non-constant solution for (1) when N = 1 (in this case we have a system of ODEs). This solution has 
linear growth: there exists C > such that 

u(i) + v(t) < (7(1 + \t\) VieR; 

moreover, it is reflectionally symmetric with respect to a certain to S Rj hi the sense that 

u(t + t) = v(t - 1) Vf e R. 

In [3] it is proved that this is the unique positive entire solution (up to translations and scalings) in case 
N = 1. On the other hand, always in [3], the authors constructed for every N > 2 entire solutions with 
arbitrary integer algebraic growth; here and in the rest of the paper we say that (u, v) has algebraic 
growth if there exist p > 1 and C > such that 

u(x) + v(x) < (7(1 + |a:| p ) Vx G R N . (hi) 

These solutions, which depend on more then one variable, are constructed exploiting the deep relationship 
between entire solutions of (1) and entire harmonic functions. This relationship has been established in 
[5, 10, 12]. Recently, a similar argument has been exploited in [11] to prove the existence of solutions to 
(1) having exponential growth in one direction. 

Concerning symmetry results, we say that (u, v) is 1-dimensional if there exists v € ]SL N such that 

u{x) = u((v, x}) and v(x) — v((v, x)), 

for some U, v : R — > R. In [2] the authors proved that if JV = 2, (it, v) has linear growth and is monotone 
in the ejv direction, in the sense that 

du >0 and ^<0 inl" 



dx 7v dxN 

then (u, v) is 1-dimensional. An improvement of this result has been recently obtained by the first 
author in [7]: he replaced the linear growth condition with an arbitrary algebraic growth condition (i.e. 
(hi)), and weakened the monotonicity assumption requiring that only one component between u and v 
is monotone in xn- Always in case N = 2, in [3] it is showed that if (u, v) has linear growth and is stable 
then (u, v) is 1-dimensional. As far as the case N > 2 is concerned, we refer to the recent contribution 
[13]: the author proved that for any N > 2, if (u,v) has linear growth and is a local minimizer for the 
energy functional, then (u, v) is 1-dimensional. 
Our main result is the following: 

Theorem 1.1. Let N > 2, let (u,v) be a solution of system (1) having algebraic growth (i.e. satisfying 
(hi)) and such that 

lim u(x' , xn) = and lim u(x' , xjv) = +oo 

x N ^-oo X N ^+OC .j ^\ 

lim v(x' , xn) = +oo and lim v(x' , xn) = 0, 

xn^ — oo xn— >-+oo 
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the limit being uniform in x' e 1 . Then (u,v) depends only on the xtv variable, and 

du dv 



> and — < in 

OX TV OX TV 



Some remarks are in order: the conjecture proposed by H. Berestycki, T. C. Lin, J. Wei and C. 
Zhao in [2] was formulated without assumption (hi). Nevertheless, at this stage it seems really hard 
to deal without an algebraic growth condition, because most of the results which are present in the 
literature rest strongly on it (concerning symmetry results, except the work [7] all the quoted achievements 
are obtained under the linear growth assumption). As far as we know, the unique contribution going 
beyond the algebraic growth is given in [11], where the authors proved the existence of solutions to 
(1) with exponential growth. Therein, it is often remarked the striking difference between solutions 
having algebraic growth and solutions having exponential growth, which reflects the difference between 
harmonic polynomial and harmonic function with exponential growth. For us, the main problem to 
deal with solutions not satisfying the algebraic growth condition would be the lack of the blow-down 
technology, see Theorem 1.4 of [3]. 

On the other hand, in light of the strongly coupled nature of system (1), we can weaken assumption (h2) 
obtaining again monotonicity and 1-dimensional symmetry. 

Corollary 1.2. Let N > 2, and let (u,v) be a solution of system (1) having algebraic growth (i.e. 
satisfying (hi) ), and such that 

lim {u{x' , xn) — v{x' , xtv)) — ±oo, (h3) 

rcjv— >ioo 

the limits being uniform in x' € M^" 1 . Then (u,v) depends only on the xtv variable, and 

du dv 



> and — < in 



JV 



dx jv dx 7v 



Notations. Let (u, v) be a solution of (1). We recall some notation that are by now standard. Given 
x € R-^ and r > 0, we set 

" JdB ^ (2) 



E(x, r) := -L* f \Vu\ 2 + \Vv 2 \ + u 2 v 2 , 

r JBJx) 



lB r {x) 

E(x,r) 

and N(x, r) := — -—^ — r. The function N is called Almgren freguency function, or Almgren guotient. 
H(x,r) 

For every xq S M. n and R > 0, we introduce 

(u Xo m(x), v X0 ,r{x)) := ( 1 = u(x + Rx), 1 v(x + Rx) ] . (3) 
\^H(x ,R) yfH{x ,R) J 

The family {(u Xo _r, v Xo ,r) '■ R > 0} is called the blow-down family of (u, v) centered in Xq. 
Finally, we will consider the function 

_l_f \Vu(y)\ 2 + u 2 (y)v 2 (y) f \Vv(y)\ 2 + u 2 {y)v 2 {y) 
[X ' r): ~ r*J Br{x) \x-y\"-i dV J BAx) \x-y\»-* ^ 

For some properties related to the Almgren quotient, the blow-down family and the function J, we refer 
to the appendix and to the references therein. 

We will use the notation x — (x', xtv) € R^^ 1 x 1 for a point of R N . 

The directional derivative with respect to fj, G § w_1 will be denoted by ^ or by <9 M . When we integrate 
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by parts, we denote by d v the normal derivative. The z-th coordinate direction will be denoted by a. 
We will use the notation (•, •) or | • | for the usual scalar product or the usual euclidean norm in any 
euclidean space. 

Throughout the paper C, C\, O2, . . . will denote positive constants which may refer to different quantities 
from line to line. On the other hand, we will fix the value of some constants. In these cases we will use 
the over- lined notation C\, C%, 

Plan of the paper We wish to prove the 1-dimensional symmetry of the solution (u, v) by means of 
the moving planes method. First of all, in section 2, we will provide some estimates which will be useful 
in the rest of the paper. 

In section 3 we will make rigorous the intuitive fact that, under assumption (h2), xn is the privileged 
variable of the solution (u, v): to be precise, by means of the blow-down technology, we will show that 
independently on the base point xo £ M. N the entire blow-down family converges to the same function 
(7x^,72;^), with 7 > 0. 

In section 4 we will show that, under our assumptions, 8nu(x) > in {xjy 3> 1} and 8nv(x) < in 
{xn <C 1}. This does not follow directly from the results of section 3, because the quantitative information 
given by the convergence of the blow-down family get worse as R — > +00 (we refer to section 4 for more 
details). 

In section 5 we will use the moving planes method to deduce that d^u > and 8nv < in M. N ; firstly, 
by the fact that djyu > for x n 3> 1 we will deduce that in the same region d^v < 0; this can be done 
thanks to a version of the maximum principle in unbounded domains, and allow us to start the moving 
planes method. We point out that it is not possible to proceed separately on u and on v (that is, it is 
not possible to show that &mu > and, in a second time, that &nv < in R ); this reflects the strongly 
coupled nature of system (1), and introduce a lot of complications with respect to the case of a single 
equation. 

In section 6, we will complete the proof of Theorem 1.1, passing from the monotonocity in the e^v direction 
to the monotonocity in all the directions of the upper hemisphere S+ _1 := {v e S N ^ X : {cn,v) > 0}; 
we will follow the line of reasoning introduced by the first author in [6], with the obvious complications 
which come from the fact that we are working with a system and not on a single equation, and that we 
are dealing with unbounded solutions. 

Finally, in section 7 we will give the proof of Corollary 1.2; to be precise, we will show that under (hi) 
and (h3), the assumption (h2) is satisfied, so that Corollary 1.2 follows from our main theorem. 
We reported some known results in the appendix at the end of the paper; this appendix can be considered 
as an easy-to-read introduction to the study of system (1). 

2 Preliminary results 

In [13], the author introduced an Alt-Caffarelli-Friedman monotonicity formula for solutions of (1) (we 
reported it in the appendix). This formula gives a lower bound for some integral quantities related to 
solutions having linear growth (cf. the results of section 4 of [13]). In this section we prove some new 
results and we refine some estimates of the quoted paper, in order to use them in the next sections. 

In Corollary 4.5 of [13], the author used the linear growth of the solution (u,v) to obtain a lower 
bound for the growth of the function 



JdB r (0) 

We think that it is interesting to note that an equivalent estimate holds true assuming only that (u, v) 
has algebraic growth. Clearly, this requires some extra-work. 

Corollary 2.1. Let (u,v) be a solution of (1) satisfying (hi). There exists C > such that 




2 1 2 
u + v . 




Vr > 1. 
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Proof. Assume by contradiction that the statement is not true: there exists e n — » and (r n ) C [l,+oo) 
such that 

/ u 2 + v 2 <e n r» +2 . (4) 

JB r „(0) 

Step 1) liminf r n = +oo. 

n— >oo 

If not, up to a subsequence r n — > f > 1. By the dominated convergence theorem, we deduce 

u 2 + v 2 =0 (u,v) = (0,0), 

B f (0) 

a contradiction. 

Step 2) Conclusion of the proof. 

To simplify the notation, we denote by j«(r) the quantity 



Vu{y)\ 2 +u 2 (y)v 2 (y) 

r JB r (o) \y\ 

and by j v (r) the same quantity for the component v. Now, by Theorem A. 15 there exists C > such 
that J(0, r) > C for every r > 1, that is, ju(r)j v {r) > C for every r > 1. In particular, this holds true 
for every r n . Up to a subsequence, we can assume j u (r n ) > C for every n. By means of (49) (we remark 
that the constant appearing is independent on r) plus our absurd assumption (4), we obtain 

< C < j u (r n ) < ^y-j / u 2 <Ce n ^0 
r n Jfl 2r „(o) 

as n — > oo, a contradiction. □ 
Under the linear growth assumption of (u,u), that is, there exists C > such that 

+ v(x) < C(l + \x\) VxeR N , (5) 
we obtain a uniform (in both x £ M. N and r > 1) lower bound for the values {£f(x,r)}. 
Lemma 2.2. Let (tt, v) be a solution of (1) with linear growth. There exists C\ > smc/i that 

H(x,r) > C x 

for every x £ M. N and r > 1 . 

Proof. By the monotonicity of H(x, •), it is sufficient to show that H(x, 1) > C with C independent on 
x € R N . By contradiction, assume that there exists {x{) C such that 

lim / u 2 + v 2 = 0. (6) 



2— >0O 



By Corollary 2.1, we know that there exists C > such that 

?i 2 + > Cr N+2 Vr>l. 



Let r > 1; for every i we have 



L 



B r (0) 



u 2 + v 2 > / u 2 + v 2 >Cr N+2 . (7) 
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2,2/ 2,2,/ 2,2 

U + V = U + V + U + V ; 



Note that 

thanks to Lemma A. 9 we know that N(xi,r) < 1 for every r > 1, for every i. Hence, by means of 
Corollary A. 7, we deduce 



r rr+\xi\ ( c- \ / c- \ /-r+lxil 

/ u 2 + v 2 = / U 2 + i; 2 < e / u 2 +v 2 ) s N+1 ds 

JBr+fr \(xi)\Bi(xi) Jl \JdB s (xi) I KJdB^Xi) J Jl 



<e / u 2 +v 2 )(r+\x l \) N+2 . 
\JdB 1 (x i ) J 



Therefore 



/ u 2 + v 2 <e([ u 2 + v 2 ] (r+ \ Xi \) N+2 + [ u 2 + v 2 . (8) 

JB„j_,„.,(xA \JdBUxi) I JB,(xi) 



lB r+lxil (xi) \JdBi (x<) / ^B, (z«) 

We observe that from the linear growth of (u, u) it follows also 



■ 2 + v 2 <C(l + \x t \) 2 , 



u 



B 1 (x i ) 



where C does not depend on i. Plugging into the (8) and choosing r = ri > \xi\, ri — > +oo as i — > oo 
(here i is fixed, so this choice is possible), we deduce 

/ u 2 + v 2 < e ( f u 2 + v 2 ) (r« + \ Xl \) N+2 + C (l + |^| 2 ) 



<C[ I u 2 + v 2 )r? +2 + C(l + r 2 ). 

Mm) J 



A comparison with (7) yields 



Crf +2 <C* / u 2 +v 2 \rf +2 + Cr 2 i 

\JdB 1 (x i ) J 



Dividing for rf +2 and passing to the limit as i — > oo, we finally obtain a contradiction: 



/ 

1 JdBUx 



< C < C lim / u z + v 2 = 0, 

i— > oo 



2 i „,2 



where we used our absurd assumption, equation (6). □ 

Where |tt — v\ is not too large, it is natural to expect that this provides a lower bound on the integrals 
of both u 2 and v 2 . To be precise: 



Lemma 2.3. Let (u,v) be a solution of (1) having linear growth. For every C\ < y ^| (where 

C\ has been defined in Lemma 2.2) there exists C2 > such that 



u 2 > C* 2 and I v 2 > C* 2 

SIBi(xo) JdB^xa) 



for every xq € {|it — u| < Ci}. 



G 



Proof. Without loss of generality, we can assume by contradiction that, for a sequence (x,) C {\u — v\ < 
Ci}, we have 



i— >oo 



lim / u 2 = 0. 



We claim that under this assumption 



lim / v 2 = 0. 

i— >oo 



ldBi_{xi) 

If not, up to a subsequence there exists 8 > such that lim^ } dBl i x .\ v 2 > S 2 . We introduce the sequence 
(ui(x), Vi(x)) = ( 1 u(x» + x), 1 u(x t + x) ] . 

Note that J 9B rm u 2 + v 2 = 1 for every j. Each (ui, Vi) solves 

j-Aui = H(xi, l)u t v 2 in R N 
4 v i 



&Vi = H[x i ,l)v? i v i in I"; 



By Corollary A. 7 (which we can apply, see Remark A. 11), we deduce that 

li+v? < er N+1 Vr, Vi. (9) 



8B r (0) 

As Ui and vi are subharmonic, the (9) gives a uniform bound on the L°°(B r /2(fi)) norm of the family 
{(ui,Vi)}, for every r > 1. Now, we have to distinguish between 

(i) the sequence {H(xi, 1)} is bounded. 

(ii) the sequence {H(xi, 1)} is unbounded. 

In case (z), up to a subsequence H(xi, 1) — > i?oo- Also, {i^}, {Awj}, {A^} are uniformly bounded 
in every compact subset K of R N . By standard gradient estimates for elliptic equations (see [9]) we deduce 
that {Viti}, {V«i} are uniformly locally bounded in WL N , so that up to a subsequence (u^, Vi) — > (uoo, Voo) 
in Cf oc (M. N ) (to pass from the uniform convergence to the C 2 convergence, we refer to the regularity theory 
for elliptic equations, e.g. [9]). From the absurd assumption and our normalization it follows 

1 = and f vl = l. (10) 

9Bi(0) JdB^O) 

Moreover, Uoo and Voo are subharmonic and nonnegative. This implies = in £?i(0), which in turns 
yields (apply the strong maximum principle) Uoo = in M . Hence, is harmonic and nonnegative in 
1^ (this follows by the C 2 convergence): by the Liouville theorem for harmonic functions, t>oo = const. 
Now, since x, £ {\u — v\ < C\] with C% < y/ C\ jS^ -1 1, and in light of Lemma 2.2, we deduce 



^oo(O) = lim 



^=\v( Xi ) - u( Xi ) |+u,(0)J < lim (-^a+UiiO)) < Jl^-'l 



But since t;^ is constant and (10) holds true, necessarily w O o(0) 2 |§"' v ' _:L | = 1, a contradiction. 

In case (ii), up to a subsequence H(xi, 1) — > +oo as i — ¥ oo. Due to the fact the {(itj, Uj)} is uniformly 
bounded in every compact subset of M. N , we are in position to apply Theorems A. 2 and A. 3: for every 
K CC R , the sequence {(iti,«i)} is uniformly bounded in C°' a (K) for every a € (0,1), and, up to 
a subsequence, (it,-,Uj) — > (uoo,«oo) in C (i^) n H X (K), where — is harmonic, Uqq and are 
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subharmonic and (10) holds true. As in the previous case, by subharmonicity, nonnegativity, and the 
fact that Jg Bl (Q\ wto - C we deduce = in Bi(0). So, Vqo is nonnegative and harmonic in £?i(0); 
moreover, 

«oc(0)= lim ( _=L_|„( Xi )- tt(xi)H-tti(0) J < lim I ] d+^(0)) =0; 

this implies Voo = in £?i(0), and gives a contradiction with (10). 

We proved that if Jg Bl r x .^ u 2 — > 0, then H(xi, 1) —> as i —> oo. But this is contradiction with Lemma 
2.2. " □ 

Remark 2.4. From now on we will denote as (7 3 a fixed positive constant strictly smaller then 

VCiis"- 1 !. 

Let's come back to the Alt-Caffarelli-Friedman monotonicity formula, see Theorem A. 15. In some 
cases it is possible to get rid of the dependence of the constant C(xq) on xq. This is the purpose of the 
following general result, which holds true for solutions with arbitrary algebraic growth and allows xq to 
vary in a set of full measure. 

Proposition 2.5. Let (u,v) be a solution of (1) satisfying (hi). Assume that 

u 2 > C x and [ v 2 >d Vx € {\u - v\ < 5}, (11) 

where C\,6 > 0. TTien i/iere exists Gi > suc/i £/iaf 

r i— > e~ C2r ' J(xo,r) is nondecreasing in r 
for every r > 1, for every xq € {\u — v\ < 5}. 

Proof (cf. proof of Theorem 4.3 and the observation before Corollary 4-8 in [13]). For any 
xq G {\u — v\ < 6} and r > 1, we denote 

(u XOtr (x),v XOtr (x)) = {u(x + rx), v(x + rx)) with x e dBi(0). 

As in the proof of Lemma 2.5 of [10], it results 

j- log J(x ,r) > -- + - [r (Ax(xo, r)) + r (A 2 (a:o, r))] , (12) 
ar r r 



where r(t) = V(^) +*-(^), 



12 , „2„-;2 ,-:2 



Ai(x ,r) = — 



JdB r (x (> ) u2 IdB 1 



(0) "io,r 



A 2 (x, r) = — 



2 -? -9 



IdB r (x ) ^ fdBx(Q) V %o,r 

and \V e u\ 2 = |Vu| 2 - (9„u) 2 . 
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Step 1) There exist C\,C2 > such that 

<■' 

f v 2 



ch < ! aBi(o) ":°' r < c 2 



for every xq £ {\u — v\ < 6} and r > 1. 

By contradiction, there are sequences (xi) C {\u — v\ < 6} and (r,) C [1, +oo) such that 



lim 



JaBi 



(o) u x«,n 



(if the limit were we can argue in a similar way). By assumption (11), we have 



JaBi(O) V Xi,ri Ci 

Consequently, Jg B / ) w Xi r t ~~ ^ +°° as z — > oo, which in turns implies H(xi,ri) — > +cxd as z — > oo. Note 
that 

/aBi(O) "a:<,T-i /aBi(O) U xi,r< SdB 1 (Qi) U Xi,n , 1rl N 

JdBi{o) v ^i,n JdB 1 (o) v xi,r i Jasi(o) 

where we recall that the notation (lii.rjD^r) has been introduced in (3). We set (tt,,Uj) := {u Xi . ri ,v Xi . ri ). 
By definition 

f -Am, = rOrf^ivf in l w 

|-Avi = -H(x l ,r l )r 2 u 2 v l in 1 N . 

and 

/ u 2 + vf = l, (14) 

JdBx(0) 

which, by means of Corollary A. 7, provides a uniform-in-z bound on j gB uf + v 2 for every r > 1. In 
light of the subharmonicity of (ui,Vi) this yields a uniform-in-z bound on the L°° norm of in 
every compact set of M. N . As the competition parameter tends to +infty, we are in position to apply 
the local segregation Theorem A. 3, deducing that up to a subsequence (u i} Vi) — >• (uoo"^) in Cf oc (R N ), 
where — is harmonic and both and Voo are subharmonic. By (13) 



2 r f 2 r /asi(0)^ 2 „ 
= nm / = lim — = 2 = 

asi(o) l ^+°°JaB 1 (o) J 9Bl (o) u i +v i 

As Woo is subharmonic and nonnegative, i>oo = 0. This implies that Uoo is harmonic and nonnegative 
in -Bi(O). Also, from (14) it follows jg Bl / \ u 2 ^ = 1. On the other hand, since x; £ {\u — v\ < S} and 
H{xi 1 r i ) — > +oo it results 

Uoo(0) = lim [ 1 |tt(gi) - + »i(Q) J = 

*-*x>\y/H(Xi,n) J 

and by the strong maximum principle we obtain = 0, a contradiction. 
Step 2) Conclusion of the proof. 

For xo € {\u — v\ < 6} and r > 1, we consider the functions 

u Xo , r (y) := r and v x ^ r (y) :— 



(/asi(o) w ^o^) (/asi(o) M ^o,r) 
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which are obtained by u XQ;T and v XOjr after a normalization with respect to the L 2 norm of u Xo<r on 
dBi(0). In light of assumption (11) 



Ai(x ,r)=/ + r / u s r Ut^A r > / \Veu Xo , r \ + C x r u v 

JdB^o) yJasi(o) ) Jasi(o) 

A 1 (x Q ,r)= \S7 e v X(h r\ 2 +r 2 / «I ,r ^ ,r*x ,r- ^ / iVe^.rl 2 + Cir 2 «^ 0jr ^ 0ir . 

JdB^o) yJasi(o) / Jasi(o) 

As r is monotone nondecreasing, we deduce 
r(Ai(i ,r))+r(A 2 (xo,r)) 

>r( / |V fl fi a!0ir | 2 + Cir a ^ GiP t£ 0)P ) +r( / iV^^f + dr 2 ^ ^ . 

Thanks to the first step, we are in position to apply Lemma 4.2 in [13] in order to obtain 

r (Ai(i , r)) + r (A 2 (x , r)) > 2 - 

r 2 

where C is a positive constant independent on io G {|f — v| < ^} and r > 1. Coming back to (12), we 
deduce that there exists C > such that 

d _3 
— log J(x ,r) > ~Cr ^ 

for every :co G {|w — v| < 5}, for every r > 1. An integration gives the desired result. □ 

In light of Lemma 2.3, if (u, v) is a solution of (1) having linear growth then Proposition 2.5 holds 
true. By means of this uniform monotonicity formula, we deduce the following statement. 

Corollary 2.6. Let (u,v) be a solution of (1) having linear growth. Then there exists C4 > such that 

' < J(x ,r) < C 4 , I u 2 + v 2 <C 4 , (15) 

and 



C4 JdB x {x ) 



sup u{x) + v(x) < C 4 (l + R) 

xGB R (x ) 

for every xo € {\u — v\ < C'3} and r > 1 (where C 3 has been defined Remark 2. 4). 

Proof. In light of Proposition 2.5, it is possible ti adapt the proof of Corollary 4.9 in [13] (see also the 
discussion at the end of the proof) replacing Li with }g B t x .\ u 2 + v 2 , where for us (xi) C {\u — v\ < C3}. 
In the quoted statement it is used the fact that u(xi) = v(xi). As in this case u(xi) ^ v(xi) in general, 
we obtain a contradiction with the same argument already used in the proof of Lemma 2.3. This permits 
to deduce the existence of C4 > such that (15) holds. Now, Corollary A. 7 and the subharmonicity of u 
and v permits to obtain also the pointwise estimate of the thesis. □ 

3 Uniqueness of the asymptotic profile 

In this section we show that, under assumptions (hi) and (h2) (in fact it is sufficient to assume much 
less), any solution to (1) having algebraic growth is a solution with linear growth. Moreover, we will show 
that for every xo € M. N , the entire blow-down family {(u XOt R,v XOt u) : R > 0} converges, as R — > +00, to 
the same harmonic function. 
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Proposition 3.1. Let (u,v) be a solution of (1) satisfying assumptions (hi) and such that 

lim v(x',xn) = uniformly in x' £ R N_1 . (16) 

xpj— >-\-oo 

Then N(xo,r) < 1 for every r > 0, and consequently (u,v) has linear growth. Furthermore, there exists 
a constant 7 > such that, for every xq £ M. N , the blow-down family {(u Xo ,r,v XO! r) : R > 0} converges 
to the pair (-/x~j^,jxj ! ) as R — > +00, in Cf oc (SL N ) and in Hl oc ($L N ). 

Remark 3.2. It is possible to replace assumption (16) with 

lim u(x',xn) = uniformly in x' £ R^ -1 . 

Proof. As (u,v) has algebraic growth, thanks to Lemma A. 9 Theorem A. 13 applies: for every xo £ M. N 
there exists 

lim N(x ,r)=d xo £ N\{0}, 

r— )-+oo 

and there exists a subsequence (u Xo ,R n) u Xo ,fl„) °f the blow-down family which is convergent ( in Cf oc (M. N ) 
and in Hl oc (R N )) to (^f x , $j ), where is a homogeneous harmonic polynomial of degree d Ko > 1. 
As showed in Corollary A. 14, this implies that linv-^oo H(xo,r) = +00. 
Now, let K CCM^. Since 

mi{x N : x £ K} > 0, 

in light of assumption (16) there holds 

lim Vr(x) = uniformly in K. 

R— >+oo 

As K has been arbitrarily chosen, it follows that v X0: n n (x) —> pointwise in M^f . By the uniqueness of the 
limit, we deduce = in Thus, * xo is an homogeneous harmonic polynomial (hence ^ Xo (0) = 0) 
which is nonnegative in and is not identically (this follows simply from the fact that d Xo > 1): 

-A* X0 = in 
> 0, V X0 ^ in 
.*«o(0) = 0. 

By the strong maximum principle, we deduce that ^& Xo > in M^; hence, the Hopf Lemma guarantees 
that V\E' ;co (0) 7^ 0. The unique (up to a constant factor) homogeneous harmonic polynomial satisfying 
these properties is the linear one: ^l! Xo (x) = C Xo xn] but C Xo > is uniquely determined (independently 
on £0) by the condition 

C Xo x 2 N = lim / ul 0tRn + v 2 XoA = 1. 

Hence, for every xq the blow-down family converges (up to a subsequence) to the same pair (73^,735^-), 
for a constant 7 > 0. By Theorem A. 13, the fact that the degree of the limiting profile is 1 means that 
d Xo = 1 for every xq £ R N , and this gives the linear growth of (u, v), see Corollary A. 8. 
It remains to show that, for every xo £ M. N , the entire blow-down family converges to 72; n- Assume 
by contradiction that this is not true: there exist a compact K C R , a e > and a subsequence 
{(u XOi R m , v XOt R m )} with R rn — > +00 as to — > 00, such that 

\\u Xo ,R m - JXn\\c (k) + \\u Xo ,R m - IXnWhUK) 

+ \\Vx ,R m ~ 7^I|C(K) + \\ v x ,R m ~ 7%IU 1 (#) - E ( 17 ) 

for every to. But now it is possible to repeat step by step the proof of Theorem A. 13 obtaining that, up 
to a subsequence, {(U' Xo ,R m ,v XOt R m )} converges, as to —¥ +00 to a homogeneous harmonic polynomial of 
degree d Xo > 1. Following the above line of reasoning, we find that the limit is nothing but the function 
(72;^, 70;^), in contradiction with (17). □ 
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4 Monotonicity at infinity 



We aim at proving the following statement. 

Proposition 4.1. Let (u,v) be a solution of (1) satisfying (hi) and (h2). For every 

ue {veS^ 1 : (v,e N ) > 0}, 

there exists M v > such that 

x e {xm > M v } d v u{x) > and x e {xjv < -M„} =>■ <9,,v(x) < 0. 

The achievement of section 3 says that (u,v) behaves at infinity as (72:^,72;^); thus, the idea is that 
u has to be increasing in the e^r direction for xn 3> 1 and v has to be decreasing in the e^v direction for 
Xjv <C — 1. In order to prove this conjecture, we wish to apply the standard gradient estimate for the 
Poisson equation (see e.g. [9]) on u minus "a suitable linear function": this idea is corroborated by the 
fact that Au can be uniformly bounded by an exponentially decaying function for xm sufficiently large. 
An analogous bound holds for Av when xn is sufficiently large and negative. 

Lemma 4.2. Let (u,v) be a solution of (1) satisfying (h2). For every p,q > 1 there exist Mi(j>,q) > 
and a positive constant C — C(p, q) > such that 

u p (x)v q (x) < Ce~ c ^ Nl Mx e {\x N \ > M x (p,q)}. 

Proof. We consider the bound on u p v q in x n S> 1, the same argument applies for xn <C — 1- 
Given K > and S > 0, by (h2) there exists M > such that 

u(x) > K and v(x) < S if x e {x N > M/2}. 

For every x 6 {xjy > M} the ball B x := B XN / i (x) is contained in {xn > M/2}. Consequently, 

\u{y) > K x := i-ai Bx u>K 

< Vy G B x , vx £ {x N > M}, 

[v{y) < 5 

so that 

-Av < -Klv in B x 
v > in B x 

v < 6 in B x 

We are in position to apply Lemma A.l: 

sup v < C6e~ CK " XN , (18) 

where B' x denotes the ball B XN / S (x). On the other hand, it is possible to apply the Harnack inequality 
(Theorem 8.20 in [9], see also the subsequent observation concerning the estimate on the constant) on u 
in B x , with potential v 2 : 

svipu<Ce CSxN K x . (19) 

s, 

The inequalities (18) and (19) yields 

u p (x)v q (x) < CK p x 5 q e- CiqK * XN+C2pSxN \/x e {x N > M}. 
A suitable choice of K < K x and 5 permits to obtain the desired result. □ 

Remark 4.3. From now on we will denote as M\ := max{Mi(l, 2), Mi (2, 1)}, where Mi(l,2) and 
Mi (2, 1) have been defined in Lemma 4.2. 
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If we could show that the function u can be approximated in {xm > Mi} by a linear function with 
positive slope in the e n direction, the gradient estimates for the Poisson equation would give the desired 
monotonicity for u. So far we showed that for given Xq £ and e > there exists R Xo ,e > such that 

sup \u Xo>R (x) - -yx%\ + \v Xa . R (x) - jxjf\ < e (20) 
iefli(o) 

for every R > R Xo ,e- This means that 



sup 

x£B R (x ) 



y/H{x Q ,R) + 
U { X ) ~ 7 „ i X ff ~ X 0,N) 

H 



y/H(x ,R) 

V { X ) - 7 „ \ X N ~ X 0,N) 

H 



< v /H(x ,R)e 



whenever R > R Xo ,e- This reveals that we have to face two problems: the first one is the fact that we 
have not a unique candidate to approximate u for xm S> 1 and v for xjv <C — 1, the second one is that 
this approximation, which holds for R sufficiently large, get worse as R increases (recall that the function 
H(xq, •) is nondecreasing and tends to +00 as R — ► +00, see Corollary A. 14). In order to overcome the 

second problem, we wish to find a uniform estimate (in both xq and R) on the ratio V H ^°-' R i^ m ^e 
forthcoming Lemma 4.6, we show that this is possible if xo G {\u — v\ < C3}, where C3 has been defined 
in Remark 2.4. Before, we deduce some useful information about this special set. 

Lemma 4.4. Under the assumption (h2), the set {\u — v\ < C3} is bounded in the e^ direction and 
unbounded in all the other directions {ei, . . . , ejv_x}. In particular, for every x' € IR^ -1 there exists 
x G {|it — v\ < C3} such that x' = x' . 

Proof. The properties follow easily by our main assumption (h2). Indeed, by considering the function 
u — v one sees that 

lim (u(x , xn) — v{x , x^)) = ±00, 

rcjv— >ioo 

uniformly in x' G l^ -1 . This immediately implies that the level set {\u — v\ < M} is bounded in the ej\[ 
direction for every M > (in particular, this holds for (7 3 ). On the other hand, for a given x' € R^ -1 
we can consider the map s£i^ u(x' , s) — v(x' , s). This is a continuous function which tends to ±00 
as s — > ±00, thus there exist s£K such that \u(x' ', s) — v(x' , s)\ < C3. □ 

Remark 4.5. From now on, we denote ( :— sup{\xo t ]y\ : xq g {\u — v\ < C3}} < +00. 



In the next Lemma we give uniform upper and lower bounds on the ratio ^/ H ^' R 1 f or Xq g <j 
C 3 } and R > 1. 

Lemma 4.6. Let (u,v) be a solution of (1) satisfying (hi) and (h2). There exists C§,Cq > such that 



H 

for every xq £ {\u — v\ < C3} and R > 1. 

Proof. By Proposition 3.1, we know that under (hi) and (h2) the solution (u, v) has linear growth. Hence, 
we can invoke Corollary 2.6; combining this result with Corollary A. 7 we deduce 

H ( X °' R ^ < eH(x , 1) < eC 4 Vx Q e {\u - v\ < C 3 }, R>1. 
R z 

For the lower bound, we show that the quantity 

j (c\ ~\\ f ^ u -oMy)\ 2 + H(x , R)R 2 u 2 X0 , R (y)v 2 X0 . R (y) , 
JBiio) \y\ 



\Vv X0 , R (y)\ 2 + H(x ,R)R 2 ul oR (y)vl oJi (y) 

Bl( o) \y\ N ~ 2 



dy 
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is bounded above by a positive constant C independent on xo £ M. N and R > 1. We use the (49): there 
exists C > independent on x$ £ M. N and on R > 1 such that 

\Vu XOtR (y)\ 2 + H(x ,R)R 2 ul 0iR (y)v 2 X0tR (y) 1 f \Vu(y)\ 2 + u 2 (y)v 2 (y) 



Bl{ o) w\ N - 2 dy H(x ,R)J Br{xo) \y-x Q \K-i dy 

- jfh~W]W I u2 = G I <> R - (21) 

a[x ,U)W y Jb 2R (x ) Jb 2 (o) 

We point out that, as N(xo,r) < 1 for every xo £ 1* and r > 1, the same estimate holds true for the 
Almgren quotient associated to (u xo> R,v XOt ii), for every xq £ M. N and R > 1 (see Remark A. 12). As a 
consequence, the normalization Jq B >q\ u 2 g R + v 2 g R = 1 gives, by Corollary A. 7, a uniform (in both xq 
and i?) upper bound for j gB:j ( \ u Xo R + v Xq R . Due to the subharmonicity of (u Xo ,r, v XOj r), we obtain 
a uniform bound for {(u XOj r, v XOt R)} in L°°(i?2(0)), so that we can estimate the right hand side of (21) 
obtaining 

\Vu X0 , R (y)\ 2 + H{x 0l R)R 2 u 2 x ^ R (y)v 2 x ^ R {y) 
UW^2 cLy<C 

Si(o) \y\ 

for every xo £ M. N and R > 1. Arguing in the same way on the second factor of J Xo ,r(0, 1) we obtain the 
desired upper bound: there exists C > such that 

Jx o ,r(0, 1) < C Vx g R w , VR > 1. 

A simple change of variable shows that J XOi r(0, 1) = g2 (" R ^ J(xq,R), so that 

J(z , R) < C H2 ^ R) Vx G R N , Vi? > 1. (22) 
R 

A comparison between (22) and the uniform lower estimate of Corollary 2.6 provides the desired result: 

H2(x l ,R) >-£■ Vx e{|«-t;|<a,}, Vfl>i. □ 

We are ready to improve the estimate given by (20). Firstly, we get rid of the dependence of R Xo , e on 
xq for x £ {\u — v\ < 63}. 

Lemma 4.7. Let (u, v) be a solution of (1) satisfying (hi) and (h2). For every e > there exists R e > 
such that 

Sup \u Xo>R (x) - 7X^| + |Ua, ,Ji(x) - 7X^| < £ 

for every R > R e and Xq £ {\u — v\ < C3}, where 7 and C3 have been defined in Proposition 3.1 and 
Remark 2.4 respectively. 

Proof. Assume by contradiction that there exist e > and a sequence {xj, Rj) with Xj £ {\u — v\ < C3} 
for every j, Rj — > +00, and 

sup \u Xj . Rj (x) - jx+\ + \v XjtRj (x) - jx^\ > e (23) 

kG-Bi(O) 

for every j. Let us denote {uj,Vj) — {u Xi ^R^v x ^ Rj ). We know that (uj,Vj) solves 



Ah, = -H{x j ,R J )R 2 u J v 2 in R N 
-Avj = -H(x j ,R j )R 2 j u 2 j v j m mN 
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In light of Lemma 4.6, we know that 

lim H(x j ,R j )> lim C 5 R 2 = +00; (24) 

j— >+oc j— >+oo 

a fortiori the competition parameter H(xj, Rj)R 2 tends to +00 as j ~ > +00. Note that the normalization 
idBi (0) u i ^ w j = 1 implies, by means of Corollary A. 7 (which we can apply on (v,j,Vj), see Remark A. 12), 
that 

/ u 2 +u| < er^ 1 Vr > 1, Vj. 

J9B,.(0) 

By subharmonicity, the sequence {(uj,Vj)} is uniformly bounded in every compact set K of 1^, and in 
light of Theorem A. 2 it is also uniformly bounded in C°' a (K), for every a € (0, 1). The local segregation 
Theorem A. 3 implies that, up to a subsequence, (uj,Vj) —> (uoo,«oo) in Ci oc (R N ) H Hl oc (R N ), and 



{i) "oofoo = in 



pN 



(ii) lli.r,. /,', ;/.•;//;(•; ->• as j 00 in L} oc (R N ), 
(Hi) — Vqo is harmonic in M. N , 
(iv) by (24) and the fact that Xj G {\u — v\ < C3} 



|uoo(0) - «oo (0)| = . lim , ==\u(xj) - v(xj)\ = 



3^+00 ^/H(x ,R 0) 



(v) by uniform convergence the normalization on dBi(0) pass to the limit: 

u 2 00 +v 2 00 = l, (25) 



/asi(o) 

(ot) by -ff 1 and uniform convergence and the point (ii) 

^B,.(0)l V «-| 2 + l V ^| 2 _ ^B^IV^I' + IV^^+^fe,^)^^ 



= lim N(x j ,R j r)<l Vre(0,l), (26) 

J-5- + 00 

where the upper bound on N follows from the fact that, under assumptions (hi) and (h2), Propo- 
sition 3.1 applies and guarantees that (u,v) has linear growth. 

Note that 

rf Br{0) \Vu x \ 2 + \Vv x \ 2 

Aoo(0,r) := 



; 2 

)dB r (0) 00 



is the Almgren quotient of the harmonic function Uoo — Woo, and it is nondecreasing. As Woo(0) — foo(O) = 0, 
it results 

iVoo(0,r) > lim #«,((), s) = deg( 0) > 1 (27) 

for every r > 0. Here, deg(uoo — i>oo, 0) denotes the degree of vanishing of the harmonic function Uoo — Voo 
in 0, and is greater then 1 because it has to be a positive integer (this result is by now well known). By 
monotonicity, a comparison between (26) and (27) yields iVoo(0, J~) = 1 for every r € (0, 1), which implies 
(see Proposition 3.9 in [10], which we can apply, as explained in Remark A. 4) that Uoo — Voc is a linear 
function, that is, (u 00 (x),v 00 (x)) — ((e,x) + , (e,x)~) for some e £ R N . Wc claim that 

e = 7ejv, (28) 
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which gives a contradiction with (23) and completes the proof of the statement. To prove the claim, we 
note that under our assumptions we have 

vAx) — — , =v(x'a + RjX 1 , Xj n + Ri%n) 

y/H(Xj,Rj) 

as j — > +00, uniformly in every compact subset of -Bi(O) HR+ ; to pass to the limit, we used the fact that 
H(xj,Rj) > C\ (see Lemma 2.2) and the boundedness of the set {\u — v\ < C3} in the e^v direction (see 
Lemma 4.4), which guarantees that a^jv + RjXjy — > +00 as j — > +00. By the uniqueness of the limit, we 
deduce e = CeN for some C > 0. The normalization (25) yields C — 7, which concludes the proof of the 
claim (28). □ 

Definition 4.1. Let us fix r > not too small (to be determined in the following Lemma). For a given 
Xq £ M. N and R > we introduce the conical sectors 

S+ o R := |.t = (x',x N ) eR N : ^ < \x ~ x \ < R, \x' - x' Q \ < t(x n - x Q>N ) 

( R 

S~ o<R := <x = (x',x N ) € : — < \x - x \ < R, \x - x' \ < t(x . n - x N ] 

and their union S Xo ,r. 

The following picture represents the set r for a given Xq G K jv . 

"R 




The geometry of the set {\u — v\ < C3} allows to show that the union of S xo> r with R sufficiently 
large and xq € {\u — v\ < C3} contains, and it is contained in, the union of two half-spaces. 

Lemma 4.8. Let (u,v) be a solution of (1) satisfying (hi) and (h2). There exists R > such that, for 
every R> R there exists M2 = A'hiR) > C such that 

{\x N \ > M 2 } c |J S X0 , R C {\x N \ > C}, 

Xo€{\u — v\<C'3} 

R>R 

where C has been defined in Remark 4-5. Furthermore, for every N > 2 we can choose r > such that, 
if x G -f |ccjv I > M2}, there exist x € {\u — v\ < C 3 } and R> R such that 

where Q T denotes the open cube centered in x with side — — . 
^ 1 100 
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Proof. Thanks to Lemma 4.4, it is not difficult to see that, provided R is sufficiently large and R > R, it 
results 

U S XOiR c [J S XOiR c {M > C}. 

x„E{\u-v\<C 3 } x e{|u-t)J<C , 3 } 
R>R R>R 

Now we argue in showing that there exists M2 = M2(R) > ( such that 



{x N > M 2 } C 



u 



x e{\u-v^<c 3 } 

R>R 



and that for every x £ {xn > M2} there exist the desired x and R. For x ^> 1, let x the point of 
{|u — w| < C3} such that x' = x' (x exists, see Lemma 4.4). Provided r is not too small, the cube 
centered in x with side is contained in the conical sector S + - for 7? :— tfxiv — xm). Note that, 

1 11 ' x,R z 



3 3 5 ~ 

-(x N - x N ) > -(x N - C) > > R- 



whenever xn > M% := max 



The same argument works in the half-space 



pN 



□ 



Remark 4.9. From the previous proof we see that, fixed R > R, it is possible to associate to every 
x £ {|a^jv| > M2} the conical sector S~ ^ which contains the cube Q x ; that is, x is a point of {\u — v \ < C3} 
such that x' = x' and 



R = \L* 



-(xn — xn) if xn > M% 
2 (x N — x N ) Hxn<— M 2 . 



In each S Xo ,r we can obtain a further improvement, by means of Lemma 4.6, of the estimates of 
Lemma 4.7. 

Lemma 4.10. Let (u,v) be a solution of (1) satisfying (hi) and (h2). For every e > 0, if R > R £ and 
Xq £ {\u — v\ < C3} then 



sup 



u(x) - 7-* — 7? (x N - x ,Ny 



\x - x \ 



, , JH(x q ,R) , , 
v[x) - 7-* 7? (Xjv - X ,N) 



\x - x \ 



< e, 



with C5 < V H (^°> R l < yy e reca \\ that C3,C§,Cq and R e have been defined in Remark 2.4, Lemma 
4-6 and Lemma 4-7 respectively. 

Proof. Lemma 4.7 ensures that for every R> R E , for every xq £ {\u — v\ < C3} 

v(xq + Rx) 



sup 



u(xq + Rx) + 
^/H(x ,R)~ 1XN 



V H (xo,R) 



1 X N 



< e, 



that is, 



u(x + Rx) — j\/ H(x , R)x N + v(x + Rx) — j\/ H(x Q , R)x N < y/H(x ,R)e 
for every x £ Sqi. Consequently, dividing both the sides for R we obtain 



i(xo + Rx) \/H(x , R) Rx n 
- 7' 



\Rx\ 



R 



\Rx\ 



v(xq + Rx) W H(xq, R) Rx n 
- 7- 



\Rx\ 



R 



\Rx\ 



^H(x ,R) 
R £ 
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for every x G 6*0,1, provided R > R £ and xq G {\u — v\ < C3}. In turns, this gives 



sup 



/ \ J H(x ,R) , \ — i— 

u(a;) - 7-* — „ (x N - x ,Ny 



\x - x \ 



v(x) - 7-* — 75 (ztv - £ ,tv) 



\x - x Q \ 



< R £ 



for every R> R £ and xo € — u| < C3}. Finally, we can use the upper bound on V H ^°' R \ ^ gee L emma 
4.6. □ 

We are ready to apply the gradient estimates for the Poisson equation in a half-space a; at 3> 1; we will 
show that if x n > is sufficiently large then there exists a linear functions ip x (depending on x) which 
approximate it in a C^-sense in x. In light of the uniform control given in Lemma 4.6, the slope of (p x 
will turn to be uniformly bounded from below in an entire half-space (the same holds for v in xn *C — 1), 
allowing to conclude the proof of Proposition 4.1. It is essential to work in conical sectors, because in 
this way we can control the quantity \x — xo\ with the privileged component \xn — £o,iv|- 

Lemma 4.11. Let (u,v) be a solution of (1) satisfying (hi) and (h2). For every e > there exists 
M £ > such that 



H{x,R) 

Vu(x) — ■y— = e 7v 

R 



< e 



Vx g {x N > M e }, 



where x and R have been defined in Remark 4-9- Analogously, 

<e Vx G {x N < -M e }. 



H{x,R) 

Vv(x) — J— ~ 6 TV 



R 



Proof. For every e > 0, let R e be defined in Lemma 4.7. Let M^.e '■= Af2(max{i?, R £ }), where M2 has 
been defined in Lemma 4.8. Let M £ ■= max{Mi, M2 l£ }, where Mi has been defined in Remark 4.3. For 
x G {xjy > M £ }, there are R > R £ and x G {\u — v\ < C3} such that Q x C S~T ^, see Lemma 4.8 and 
Remark 4.9. By the gradient estimates for the Poisson equation (see [9], section 3.4) plus Lemmas 4.2 
and 4.10, we deduce that 



H[x,R) 

Vu(x) — 'f— = 6 TV 

R 



C 

< — sup 



XN 



C 



H(x,R) 

u{y) - 7- — ^ (VN ~ XN, 

R 



XN 



sup v 2 (y)u(y) 



(29) 



< — sup e\y — x\ + Cxn& 
Xn yeQ* 



-Cx? 



As Q x C S't^, for every y G Q x it results 

\y - x\ < (t + 1)(vn - xn) < (r + 1)(vn ~ xn) + (t + l)(x N - x N ) 
< Cx N + (r + l)(x N + C) < Cx N , 

where we recall that £ = sup{xo.Tv : xq G {u = v}} < M £ < xn- Plugging this estimate into the (29), we 
obtain 



H(x,R) 

Wu(x) — 7— = eTv 

R 



< Ce + CxNe 



-Cx? 



whenever xn > M £ ; if necessary, we can replace M £ with a larger quantity, obtaining the thesis for u. 
A similar argument can be carried on for v. □ 
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Conclusion of the proof of Proposition 4-1- Given v G {v G S 1 : (v, epj) > 0}, we choose 

0<s(u)<^(e N) u). 
where C5 has been defined in Lemma 4.6. It results 



<H{x,R) \ <JH(x,R) 
d u u(x) = ( Vu(x) - 7- ~ e N , v ) + 7 ~ (ejv, v) 

\ XL / XL 

> -E(i/)+7<? 5 (e JV! ^) > 

for every a; G {xjv > !/„}, where M„ := M e ^ has been defined in Lemma 4.11. The same argument 
gives the monotonicity of v for xn < 1. □ 

With a slightly modification of the conclusion of the proof, we obtain also the 

Corollary 4.12. If we consider := \y G S^ -1 : (ejv, v) > C 1 } with C G (0, 1], then there exists M® > 
such that 

x G {x N > M e } =► d v u{x) > Vf £0 
a; G {.tat < -M e } =*> 9„u(a;) < W G 9. 

5 Monotonicity in the e^v direction 

We are going to apply the moving planes method in order to show that u and v are monotone in the e^ 
direction in the whole R w . To be precise: 

Proposition 5.1. Let {u,v) be a solution of (1) satisfying (hi) and (h2). Then 

> and < in R N . 



dx jv dxjsr 

In what follows we will use many times the following version of the maximum principle in unbounded 
domains, Lemma 2.1 in [1]. 

Lemma 5.2. Let D be an open connected subset ofM. N , possibly unbounded. Assume that D is disjoint 
from the closure of an infinite open connected cone. Suppose that, for a function c G Lf£ c (D), c < a.e. 
in D, we have 

jAv + c(x)v>0 in D 
[v < on dD, 

where v G C°(D) n W^ c (D) and v + G L co (D), that is, v is bounded above. Then v < in D. 

We postpone the proof of Proposition 5.1 after the following Lemma, which is a consequence of the 
uniform estimate given in Corollary 2.6. 

Lemma 5.3. Let (u,v) be a solution of (1) satisfying (hi) and (h2). Then for every M > there exists 
Cm > such that 

u{x) + |Vu(a;)| < C M Va; G R^" 1 x (-00, M], 
v(x) + \Vv(x)\ < C M Vx g R n ^ x [-M, +00). 
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Proof. We prove only the first inequality. Under our assumptions, we know that (it, v) has linear growth 
(see Proposition 3.1). For any x £ R N , let x £ {\u — v\ < C3} such that x' — x' and let R = ||a;jv — £n\, 
so that x £ Bj^(x) (x exists, see Lemma 4.4). By means of Corollary 2.6 we deduce that 

u(x)+v(x)< sup cJl + ?-\x N ~x N \) <lc 4 (l+(+\x N \) Vx£R N , (30) 

yeB A (x) V 1 J 1 \ 6 J 

where £ has been defined in Remark 4.5. Now, let M\ be defined in Remark 4.3, so that uv 2 < Ce~ c \ XN \ 
in {x N < -Mi}. Moreover, by (h2) there exist M 3 > such that u < 1 in M^" 1 x (-00, -M 3 + \]. we 
set M 4 := max{Mi, A/ 3 } and we take any M > M 4 . 

By (30), it results 

n ^ (1^4 (I + C + M) ifx£{\x N \ <M} ^ 1 3^/2 , \ 

^^<|J if, e L<"-M}^ + 2 C4 U + C+M j =:Cl ' M 

whenever (x' , xn) £ R^ -1 x (—00, M], Clearly, if M < M4 the same bound holds. 

Let's pass to the estimate on the gradient. In R* -1 x [— M — + h] both u and uv 2 are uni- 
formly bounded thanks to (30). Also, by definition of M± and M3 both u and uv 2 are uniformly 
bounded in R^ -1 x (—00,— M]. Altogether, this means that u and uv 2 are uniformly bounded in 
R w_1 x (— 00, M + i] , so that we can apply the standard gradient estimates for the Poisson equation 
(see [9], section 3.4) in cubes of side 1, obtaining the existence of C2,m > such that |Vu(a;)| < Ci.m for 
every x £ R^ -1 x (— 00, M\. 

The thesis is then satisfied with Cm '■— niaxjCi^f , C2,m}- d 

Proof of Proposition 5.1. We introduce the classical notation for the moving planes method: for A £ M, 
we set 

u\(x' , xn) '■= u(x' , 2A — xn) and T\ :— {xn > A}. 

We aim at proving that 

u\(x) < u(x) and v x (x) > v(x) \fx £ T\, VA £ E, (31) 

This and the strong maximum principle give the desired monotonicity. 
To prove that (31) is satisfied, we show that 

£ := {A £ K : u e < u and v s > v in Tg for every 9 > A} = R. (32) 
Step 1) There exists M > such that if A > M then u\ < u and v\ > v in T\. 

Let Mn ■= M eN , where M eN has been defined in Proposition 4.1. Let K := sup{u : xn < Mn} < +00. 
By assumption (h2), for every S > there exists M > such that 

u(x) > K and v(x) <5 in {x N > 2M - M N }- (33) 

Let A > M. If x £ {x N > 2A - M N } then x N > 2M - M N and 2A - x N < Mn, so that by definition 

u\(x) = u{x' ', 2A — xn) < K < u(x). 

To prove that u>, < u in T\ for every A > M, it remains to show that if A > M then ma < w in 
{A < xn < 2A — Mn}- If x £ {X < xn < 2X — Mn}, then 2;^ > 2A — xn > Mn, so that the fact that 
u\(x) < w(a;) follows directly from the monotonicity of u in the eN direction for {xn > Mn}- 
Now, let us show that if A > M then v\ > v in T\. Since u\ < u m T\, we have 

(A(v - v x ) - u\(v - v x ) > inT A 
1 w — v x = on dTx, 

and (f — vx) + < u < <5 in T\ (see equation (33)). Consequently, we are in position to apply Lemma 5.2, 
obtaining v — v x < in Tx- 
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Step 2) E = R. 

In the first step we showed that E ^ (J. Note that E is a closed interval and contains the unbounded 
interval (M, +00). Assume by contradiction that S ^ R, that is, A := inf E > —00. Then there exist 
sequences (Aj) C M and (x 1 ) C 7\ ( such that A^ < A and \ — ► A as i — ► 00, and at least one between 

M Ai (a; 4 ) > u{x l ) Wi (34a) 
m Ai (x 1 ) < v(x l ) Vi, (34b) 

holds true. 

Assume that (34a) holds true. We claim that the sequence (x N ) C K is bounded. If not, as x N > Aj and 
Aj is bounded, up to a subsequence x l N — > +00 as i — > 00. It follows that 2Ai — x l N — > —00, and in light 
of assumption (h2) we obtain 

lim u\ i (x*) = lim M((x 4 )',2Ai — Xjy) = and lim u(x l ) = +00, 

i— too i— >oo i— >oo 

in contradiction with (34a) for i sufficiently large. Hence the claim is proved and, up to a subsequence, 
x^ y *^7v ^ ^ 00. 

Let us set 

u l (x) := u((x 1 )' + x, xjv) and m 1 (x) := m((x 1 )' + z, xjv). 

From Lemma 5.3 it follows that {(u 1 ,?/)} is uniformly bounded and equi-Lipschitz-continuous in any 
compact subset of 'SL N , so that the standard regularity theory for elliptic equations (see again [9]) implies 
that up to a subsequence (u l ,v l ) converges in Cf oc (Ht N ) to a pair (it 00 ,?; 00 ), still solution of (1) in R*. 

We wish to show that x^ = A. From the absurd assumption, equation (34a), we get 
u%(0',x N >) = u°°(0',2A-x N >) = lim u((x 1 )' ,2\ - x N ) 

(35) 

= lim uxM) > lim = u°°(0',x%). 

i^oo i— J-oo 

Let us observe that ((x 1 )' + x',Xn) 6 Ta whenever (x',xn) <E Ta- By definition of A, ma < u in Ta. 
Consequently, by the convergence of u l to u°° we deduce 

Ma xn) = lim u l {x' , 2A - x N ) = lim u{{x 1 )' + x' , 2A - x N ) 

i— >-oo i— too 

< lim u((x 1 )' + x', xn) = lim m j (x', xat) = m°°(x', xjv) 

i— >oo i— »oc 

for every (x',Xjv) £ T\. Analogously, as ma > v in T\, we have > m°° in Ta. 
Now, 

' -A(m°° - u^) + (m 00 ) 2 (m 00 - uf) = ((mx°) 2 - (m°°) 2 )m a ° > in T A 
m°° - u%° > in T A (36) 

m^-u^O on <9T A . 

Furthermore, m°° — m^ is not identically 0: indeed by assumption (h2) 

lim m°°(x', xn) — Ma°(x , xjy) = +00. 

Hence, the strong maximum principle implies that necessarily m°° — Ma° > in Ta. A comparison with 
(35) reveals that 

= A. (37) 

Now, by the absurd assumption (34a) we deduce 

< u Xi (x l ) ~u{x l ) = u l (x',2\i-x N ) -u\af,x N ) = 2d N u i [x', f )(Aj - x l N ) Vi; 
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As Xi < x l N for every i this implies dN"u l (x' ,Cn) < for every i. As A; — > A and x l N — > A as i — > oo, 
passing to the limit as i — > oo we deduce 

d N u°°(Q',A) < 0. (38) 

On the other hand, thanks to the (36) and the fact that u°° — > in Ta, we are in position to apply 
the Hopf Lemma: 

^(ii oo (Q , ,A)-<(0',A))<0 ) 

which means 

2<9ArM°°(0',A) > 0, 

in contradiction with (38). 

The above argument says that (34a) cannot occur. With minor changes, we can show that also (34b) 
is not verified, so that E = R, which completes the proof. □ 



6 1-dimensional symmetry 

In this section we complete the proof of our main result, Theorem 1.1. We will follow the technique 
introduced by the first author in [6]: we will show that, starting from Proposition 5.1, it is possible to 
prove that d v u > and d u v < for every v £ §+ _1 = {v e S^" 1 : v N > 0}. The conclusion will follow 
easily. 

Proposition 6.1. Let (u,v) be a solution of (1) satisfying (hi) and (h2). Then (u,v) depends only on 
x N . 

Proof. We divide the proof in several steps. 



Step 1) For every a > there exists e = e{o~) > such that 

8nu(x) > e and 8nv(x) < — e Vi e S a , 

where S c := R^" 1 x {-a, a). 

By contradiction, fixed a > 0, assume that there exists (x l ) C S a such that at least one between 

Fin 

lim ^—(x l ) = (39a) 

i— >-+oo OXn 
f)n 

lim -p- {x l ) = (39b) 

i— >+oo OXn 

holds true. Only to fix our minds, assume that (39a) holds. We define 

u l (x) :— u{x + x l ) and v l (x) := v(x + x l ). 

Note that la;^ < a for every i, so that for any compact set K C M. N there exists M > such that 
x + x l G Sm for every x G K . Lemma 5.3 and standard elliptic estimates say that, up to a subsequence, 
(u l ,v l ) — > (u 00 ,?; 00 ) in Cf oc (R N ), where (u 00 ,?; 00 ) is still a solution to (1). By the convergence, we have 

^>0 and $^<0 iuR N , 

OXm OX jv 

and 97vw°°(0) = 0. Furthermore, 

-A (d N u°°) + (v 00 ) 2 (d N u°°) = -2ii 00 w 00 (d N v°°) > in R N . 

The strong maximum principle implies that either dj^u 00 > or 3mu°° = 0. The former one is in 
contradiction with the fact that 9atu°°(0) = 0, the latter one is in contradiction with assumption (h2), 
which is also satisfied by the limiting profile (u 00 ,?; 00 ). Thus, (39a) cannot occur. A similar argument 
shows that also (39b) does not hold. 
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Step 2) For every a > 0, the map v i— > (d v u,d v v) is in 

c o,i ^s* r - 1 ,(C°(5 cr )) a ). 
By Lemma 5.3, we know that |Vu| + |Vi>| < C CT in So-. Hence 



du . . du 
av\ 0V2 



av\ 0V2 



< 2C a \v x -v % \ 



for every x £ 



Step 3) u is strictly increasing and v is strictly decreasing with respect to all the unit vectors of an 
open neighborhood o/ejv in S^" 1 . 

Let O := {v G S^ -1 : (ejvj > |}- By Corollary 4.12, we know that there exists Mq such that 
du dv 

— > in {zat > M e i and — < in {x N < -M&}, 
dv Ov 

for every v G 0. Let a > Me. Using steps 1) and 2), we deduce that there exists an open neighborhood 
O eN of c 7\r in S^ -1 such that 



r/7v dv 

— (x)>0 and 7^W<0 VxeS a ,\/veO eN . 
Ov ov 



(40) 



We can assume that O eN C Q (if not, we replace O eN with a smaller neighborhood). This means that, 
for every v G O eN , it results 

d u n • r 1 J ^ n • r 1 

— > m \ xn > — o~ r and — < m \xn < a\, 
ov ov 

Furthermore, for every v G O eN 

' A{-d v u) - v 2 {-d v u) = -2uvd v v > in R w_1 x (-oo, -a) 
-u v < on 9 (R^- 1 x {-oo, -a)) 

-d v u G L°° (R"- 1 x (-oo, -a)) , 

where the last one follows from Lemma 5.3. We are then in position to apply Lemma 5.2, obtaining 
d v u > in R-^ 1 x (— oo, —a). Together with (40), this gives d v u > in R w for every v £ O eN . Similarly, 
from 

' A(d v v) - u 2 (d v v) = 2uvd u u > in R^ 1 x (a, +oo) 
V v <0 on 9 (R^- 1 x (a, +oo)) 

d u v G L°° (l"- 1 x (<j,+oo)) , 

we deduce d v v < in R w for every v G O eN . Finally, the strong maximum principle provides d v u > 
and d v v < in M. N , for every v G O eN . 



Step 4) u is strictly increasing and v is strictly decreasing with respect to all the directions of the upper 
hemisphere S 



N-l 



{v G S^ 1 : (e N ,v) > 0}. 



Let f2 be the set of v G 



for which there exists an open neighborhood O v C S of v such that 



di 



dv 



^— > and ^— < in R N , Vu G O v . 
oil o\x 

The set f2 is open by definition, and contains e^v for the previous step. If we show that it is closed with 
respect to the topology of S+ _1 , then fl = and the claim is proved. Let v be a cluster point of fl 

(note that (ejy, v) > 0), that is, there exists (v n ) C such that v n —> v. As 

pL >0 and p- <0 in R w Vn, 
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by continuity 

^> and ^<0 inR N . 
ov ov 

The strong maximum principle implies that or d v u = or d u u > in R N ; analogously, d u v = or 
djjV < in W N . As v is not orthogonal to e^, assumption (h'2) says that neither d v u = nor d v v = can 
be satisfied, thus d v u > and d„v < in R*. It remains to show that there exists an open neighborhood 
O v of v in l S^ v_1 such that for every /x € O v 

^ >0 and ^<0 inR N . 

Of! 0\X 

It is possible to adapt the same proof of steps 1) to 3) with minor changes, in order to deduce the existence 
of O v (in the third step we replace 6 with {i/ e : (eN,v) > \{eN,v > 0)}). Consequently, v e 

and fl is closed with respect to the topology of S^ -1 . 



Step 5) Conclusion of the proof. 

N ' 
+ 

du dv 



Since Q = 1 , by continuity we have 



> and ^- < ; " " N 



dv " dv 

for every v which is orthogonal to ejy- But also — v is orthogonal to e^v, so that 

5^ = and inR N 
ov ov 

for every v orthogonal to e^. In particular 

= and — = in R^for i = 1, . . . ,iV - 1. □ 

OXi OX; 



7 Proof of Corollary 1.2 



We will show that if (u, v) is a solution of (1) with algebraic growth and (h3) holds true, then (h2) is 
satisfied. 

Proof of Corollary 1.2. Firstly, let us observe that, since u,v > 0, (h3) implies 

lim u{x , xn) — +oo and lim v(x',xn) = +oo (41) 

2?jv— > + oo xn— > — oo 

uniformly in x' G l^ -1 . Thus, in order to obtain the thesis it remains to show that under (hi) and (h3) 
we have 

lim u(x',xn) = and lim v{x' , xn) = (42) 

xn— oo xn— >+oo 

We prove only the second one in (42), for the first one it is possible to argue in the same way. 
Step 1) under (hi) and (h3), (u,v) has linear growth. 

Given K > 0, by (h3) there exists M > such that u(x) > K if x <E {xn > M/2}. For an arbitrary 
6 > 1, if x € {xjy > M, < fc^} the ball i? x :— B XN / lm {x) is contained in {xn > M/2, \x'\ < 29xn}- 
Consequently, if a; £ {a; at > M, \x'\ < Oxn} we have 

u(y) > K x := inf u(z) > K Vy € B x , 

and 

v(y) < C(l + \y\*) <C(l + (29 + iy y p N )) < C(l + x p N ) Vy e S x . 
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The latter one gives S x := sup y6Bx v(y) < C(l + x p N ). Now, 



-Av < -K 2 v in B x 
v > in B x 

v <S X in B x , 

and we are in position to apply Lemma A.l: it follows 

v(x) < CS x e- CKxN < C(l + x p N )e- CKxN Mx £ {x N > M, \x'\ < 9x N } . (43) 

Let us consider the blow-down family (uo.flj v o,r) —'■ {ur, Vr). In light of the algebraic growth of (u, v), 
Theorem A. 13 applies: there exists a homogeneous harmonic polynomial VP of degree d £ N \ {0} such 
that, up to a subsequence, (ur,vr) converges to (\I r+ , \I r_ ) in C® oc (R N ) as R — > +oo. On the other hand, 
let x £ < 0xjv}; there exists R x > such that i?x € {xjv > M, \x'\ < 9ttxn} for every R > R x . By 
means of (43), we deduce that 

lim v R {x) = lim —=^==v{Rx) =0 Vie < 6x N } , 

where we used also Corollary A. 14 to ensure that H(0, R) does not tend to 0. As 9 has been arbitrarily 
chosen, we deduce that vr —> pointwise in R+. By the uniqueness of the limit, "J has to be a 
homogeneous harmonic polynomial which vanishes in the entire half-space : as showed in the proof of 
Proposition 3.1, necessarily ^ is a linear function and d = 1. By means of Corollary A. 8, we deduce that 
(u, v) has linear growth. 

Step 2) Conclusion of the proof. 

As (it, v) has linear growth, we can choose C3 as in Remark 2.4. Assumption (h3) it is sufficient to ensure 
that the geometry of the set {\u — v\ < C3} is described by Lemma 4.4: {\u — v\ < C3} is bounded in 
the 6 7v direction and unbounded in all the other directions. Consequently, also Lemma 4.8 applies: for 
R > R we can find Ma as in the quoted statement. 

Given K > 0, by (41) there exists M > such that if a; £ {x N > 4^-} then u(x) > K. Let M 5 := 
max{M, M2}, so that 

{x N > M 5 } C |J S+ tR . 

x„e{\u-v\<c 3 } 

R>R 

If x £ {x n > M 5 } then the ball B x :— B XN / lm (x) is contained in {xn > so that 

'-Av<-K 2 v in B x 
v > in B x 

v < S x in B x , 

where 5 X :— sup Sx v < +00, because v £ L^ C (M. N ). From Lemma A.l we obtain 

v(x) < C ( sup v(y) ) e - CKxN . (44) 

To control sup Bx v, we consider x and i? defined in Lemma 4.8 and Remark 4.9. As B x C Q x , a fortiori 
B x C ST^ C Bj^(x). We are then in position to apply Corollary 2.6: 

sup w(y) < C 4 (l + E) = (7 4 (l + ^(xat - Sat) 

< C 4 ( 1 + + \x N j < CtfjV 
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provided xn is sufficiently large (recall the definition of £, Remark 4.5). Plugging into (44), we see that 
for every x such that xm 3> 1 is sufficiently large it results 



v{x) < Cx N e~ CKxN , 

which gives the second limit in (42). □ 



A Appendix 

For the reader's convenience, we report some known and few new results which we used many times in 
our work. We prefer to write down explicitly the statements below, because in the literature they do not 
appear always in this form, and because sometimes the proofs are missing. In such a case, we will write 
them for the sake of completeness. 



The exponential decay 

It is by now well known that, if (u,v) solves (1) and u is very large in a ball B2 r (xo), then v has to be 
exponentially small with respect to u in a smaller ball. 

Lemma A.l (Lemma 4.4 in [4]). Let xo € K and r > 0. Let u E H 1 (B2 r (xo)) be such that 

—Av < —Kv in B2r(xo) 
v > in B2r(xo) 

v < A on dB2r(xo), 

where K and A are two positive constants. Then for every a € (0, 1) there exists C a > 0, not depending 
on A, K, R and xq, such that 

sup v(x) < aAe~ CaKl/2r . 

x£B r (xo) 

We will always apply this result with a — 1/2 to simplify the notation. 



The segregation theorem 

Let us consider the problem 

-Aup = -Pupvl 
< -Avp = -Pujvp (45) 
up>Q,vp> 0, 

where is a positive parameter tending to +oo. The following is the local version of the uniform Holder 
estimates obtained in [10], which has been proved in [13]. 

Theorem A. 2. Let {(u/3, vp)} be a family of solutions to (45) in a ball B2 r (xo) C R (where xo £ M. N 
and r > 0). Assume that, as j3 — > +oo, {(u/j, vp)} is uniformly bounded in L°° (B2 r {xo)) . Then {{up, Vp)} 
is uniformly bounded in C°' a (B r (xo)), for every a € (0, 1). 

As a consequence, one can easily adapt the proof of Theorem 1.2 of [10] and obtain a local segregation 
theorem, see also [5, 12]. 

Theorem A. 3. Let {(up, vp)} be a family of solutions to (45) in a ball B2 r (xo) C M. N (where xo G M. N 
and r > 0). Assume that, as j3 — > +oo, {(up,vp)} is uniformly bounded in L°° (-BarO^o)) • Then there 
exists a pair (uoo , Voo ) such that, up to a subsequence, there holds 

(i) up — > Uoo and vp^ Voo in C°(B r (xo)) f] H 1 (B r (xo)), 



2G 



(ii) UocV, 



'oo = 



in B r (xo) and 




(in) the limiting profile satisfies 



( 



— Auoc = in {uoc > 0} n B r (xo) 
-Awoc = in {vac > 0} n B r (x ), 



(iv) Woo — i"oo is harmonic and both itoo and Voo are subharmonic in B r (xo). 

Remark A. 4. In [10] it is considered a different system with some additional terms. In particular, the 
term u 3 appear in the equation for u, and v 3 in the equation for v. Since it is required that these powers 
are subcritical for the Sobolev embedding, this imposes a restriction on the dimension N. However, as 
explained in the introduction of the quoted paper, all the results are valid in any dimension provided u 3 
and v 3 are replaced by subcritical terms; this is clearly the case of system (45). 

The Almgren monotonicity formula 

We recall some properties of the functions H and N, defined in (2). Firstly 
Remark A. 5. A direct computation shows that 



for every xq £ M. N and r > the function H(xQ,r) is nondecreasing in r. 

Proposition 5.2 of [3] says that also the Almgren quotient is nondecreasing as function of r. 

Proposition A. 6 (Almgren monotonicity formula). Let (u,v) be a solution of (1), let xq £ M. N . The 
Almgren frequency function N(xo,r) is well defined for r £ (0, +oo), nonnegative and nondecreasing in 
r. 

A control on the Almgren frequency function gives useful information about the growth of the function 
H with respect to the radial variable. The proof of the following result is a straightforward modification 
of the proof of Proposition 5.3 in [3] 



Corollary A. 7. Let (u,v) be a solution of (1), let xq G M , and assume that d\ < N(xo,r) < di for 
< Ri <r < R 2 . Then 



for every R\ < r% < r 2 < Rz ■ 

In light of the subharmonicity of (m, v), it is not difficult to deduce a pointwise estimate on the growth 
of the solution (u, v). 

Corollary A. 8. Let (u,v) be a solution of (1), let xo £ K and p > 1, and assume that N(xo,r) < p 
for every r > 0. Then there exists C > such that 





H(x a ,r 2 ) 
H(x ,ri) 




u{x)+v(x) < C(l + |a;| p ) 



Vx £ M 



N 
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Proof. The thesis follows if we show that there exists C > such that 

u(x)+v(x) <C(l + \x-x Q \ p ) VxeR n . 
Suppose by contradiction that our claim is not true. Then there exists r n — > +00 such that 

u(x + r n x) 

hm 5 = +00 (46) 

n— >+oo Tn 

for some x E S^ -1 and r n — > +00. In light of Corollary A. 7, we have 

^°'y <^o,l) =* / u 2 + v 2 <Cr^ N -\ (47) 

( 2r «) 2p JdB 2r (xo) 

As u is subharmonic, zt < ip n in _B2r„(^o)j where <^„ is the solution of 

\ -Atp n = in _B 2r „ (x ) 
1 (p n = u on dB 2rn (xo). 

By the representation formula for harmonic functions we know that for every x E B rn (xo) 

l , irl-\x-x \ 2 f u{x) 
<WJ = o»| gW -lL / TZ—AN da v 



j 

'dB 2rr 




dO~y 




r 2N 
n j 





<Cr n [ I 51 1/ u 2 ) <Cr-^ +p+ ^ = Crl 



n ' 



where C depends only on the dimension N, and for the last inequality we used the (47). Thus, for every 
x E we obtain 

u(x Q + r n x) < ip n (x) < Cr v n Vra, 

in contradiction with equation (46). □ 

As proved in [7], the converse holds true. 

Lemma A. 9 (Lemma 2.1 in [7]). Let (u,v) be a solution of (1), let xo E K , and assume that there 
exist p > 1 and C > such that 

u{x) +v(x) < C(l + \x\ p ) VxER N . 
Then N(xq, r) < p for every Xq E M. n and for every r > 0. 

Remark A. 10. Combining Corollary A. 8 and Lemma A. 9, we deduce that if for a single xq E M. n we 
know that N(xq, r) < p for every r > 0, then 



u(x) + v(x) < C(l + \x\ p ) Vie 



so that N(x, r) < p for every x E Mr. That is, a bound of the Almgren quotient centered in a point 
xq E M. n provides the same bound for the quotients N(x, ■) for every x E M. N . 

Remark A.ll. We point out that all these results hold true for a solution (up^vp) of (45), with E(xq, r) 
replaced by the corresponding energy function, that is, 

17=2/ \Vup\ 2 + \V Vf} \ 2 +pulvl. 



r 



B r (x a 
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The blow-down family 

By means of the previous monotonicity formulae, in [3] it is proved that the asymptotic information about 
{(up,vp)} can be improved for particular sequences. Let (it, v) be a solution of (1). For every xq £ M. N 
and R > 0, recall that we introduced the blow-down family 

(u XOiR (x), v Xo , R {x)) := ( 1 = u(x + Rx), ] n M x o + -&*:))• 
\VH{xq,R) ^H(x ,R) J 

By definition, J aSi(0) u 2 XoR + v 2 XqR = 1 for every x £ R N and R > 0. Also, {u XOtR ,v xo<R ) solves 

-Au Xo>R = -H(x ,R)R 2 u XQ . R v 2 Xa R in 



Av Xo ^ = -H(x 0: R)R 2 u 2 r v Xo m inR w (48) 



Ux ,R, Vx ,R > 



Remark A. 12. A direct computation shows that if N(xo,r) < p for every r > 1, the same estimate 
holds true for the Almgren quotient associated to the function (u XOlR , v Xo ^ R ) (for every xq £ ~R N and 
R > 0): 

^Ibao)\ Wu ^M 2 + \^ m\ 2 + H(x ,R)R 2 u 2 X(uR v 2 XO}R 

1 r g — - = N(x ,Rr) < p W > 1. 

r"- 1 JdB r (0) U x Q M + U 2;o,-R. 

As a consequence, if we can bound N(xq, •), we can apply Corollary A. 7 on (u XQtR , v X(uR ). 

Theorem 1.4 in [3] says, roughly speaking, that if the Almgren frequency function is bounded, then 
the limit of N(xo,r) as r — > +oo (which exists by monotonicity) is a positive integer and the limiting 
profile is a homogeneous harmonic polynomial. It is straightforward to check that, although therein it is 
considered the case xo = 0, the result holds true for any xo £ R N . 

Theorem A. 13. Let (u,v) be a solution of (1) , let xq £ M. N , and assume that 

lim N(xq, r) —: d Xa < +oo. 

r— »+oo 

Then d Xo is a positive integer. There exist a subsequence of the blow down family {{u XOtR , v XOtR ) : R > 0}, 
denoted {(u XOtRrz ,v XOtRn )}, and a homogeneous harmonic polynomial of degree d Xo , denoted by ^ XQ , such 
that {u XOtRn ,v XOtRn ) ->■ (*+ , *~ ) as R +oo in Cf oc (R N ) and in Hl oc (R N ). Moreover, 

H(x , R)R 2 u 2 X0iRn vl 0>Rn m Lj oc (R N ). 

This achievement permits to say something more on the asymptotic of H(xq,-) in case (it,i>) has 
algebraic growth. 

Corollary A. 14. Let (u,v) be a solution of (1) with algebraic growth. For xq £ R N , let d Xo = 

lim r _>. +00 N(xo,r), which is a positive integer by the previous statement. For every e > it results 

H(x ,r) 
hm — , , = +oo. 

Proof. As d Xa > 1, using the Almgren monotonicity formula (Theorem A. 6) we deduce that for every 
e > there exists r e > such that if r > r e then 

N(x ,r)>d xo (l-f)- 

Hence, we can use Corollary A. 7 to obtain 

H(x Q ,r) > Cr M *°( 1- *) Vr > r € , 

with C > 0. Therefore 

g( } r ^ (i-f) 
hm — — —- T > hm — . , = +oo. □ 
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An Alt-Caffarelli-Priedman monotonicity formula 

For a solution (u,v) to (1), recall the definition 



J(x ,r) = — f 

r JB r {x 



Vu(y)\ 2 +u 2 (y)v 2 (y) f \Vv{y)\ 2 + u 2 (y)v 2 (y) 

d V / r. — Z !^_9 d v- 



) \y-x \ N - 2 *Jb Axo) \y-x Q \ N - 2 

First of all, we report the useful formula (4.11) in [13]: there exists C > independent on xq € K.^ and 
on r > 1 such that 

1 f \Vu(y)\ 2 +u 2 (y)v 2 (y) C f 2 

Za / , u, Tn \N-2 d V ^ ZnTI , u ■ ^ 

r JB r (x ) \V x 0\ r JB 2r {x a ) 

Recently, K. Wang proved an Alt-Caffarelli-Friedman monotonicity formula which enhances a previous 
similar result in [10]. 

Theorem A. 15 (Theorem 4.3 in [13]). Let (u, v) be a solution of (1) satisfying (hi), let xq £ M. N . There 
exists C(xq) > such that 

r i— > e~ c ^ x ° >r 1 J(xo,r) is nondecreasing in r 

for every r > 1. 
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